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ON CERTAIN FUNCTIONAL EQUATIONS.* 



By R. D. CARMICHAEL, Princeton University. 

1. Let h(x) be a uniform analytic function regular in the neighbor- 
hood of the origin and defined by the equation 

h(x+y).h(x~y)=h(x) 2 +h(y) i -c 2 , c^O. (1) 

If we put x=y=0, we have 

M0) 2 =2M0)*-c s , or ±h(0)=c. (2) 

If now we put ±h(x)=cf(x), the preceding relations become 

f(x+y).f(x-y)=f(x) 2 +f(y) 3 -l, (3) 

/(0)=1. (4) 
Hence, putting x=y, 

f(2x)=2f(x)*-l. (5) 

Then f (2x)=2f(x)f (*). (6) 

Differentiating (3) with respect to x and then with respect to y, 

f (x+y)JXx-y) +f(x+y).f (x-y)=2f(x)f (x),=f (2x), by (6) ; (7) 
f (x+y).f(x-y) -f(x+y).f (x-y)=2f(y)f (y),=f (2y), by (6). (8) 

If we put x+y—A, x—y=B, whence 2x=A+B, 2y—A—B, and substitute 
in equations (7) and (8) , and finally in the result replace A and B by x and 
y, respectively, we have the equations 

/' ix+y) =f (x)f(y) +f(x)f (y) ; (9) 

/ (x-y) =f (x)f(y) -f(x)f (y). (10) 

Adding (9) and (10) and integrating the result with respect to x we obtain 

fix +y) +f(x-y) =2f(x)f(y) ; (11) 

for from equation (4) it follows that the constant of integration is zero. 

We will now show how to revert from equation (11) to equations (1) 
and (3), when/(0) ^0. Differentiate (11) with respect to x and then with 

'Presented to the American Mathematical Society, April 24, 1909. 
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respect to y. From the addition and the subtraction of the two resulting 
equations follow (9) and (10), respectively. In (9) put x=y; the result is 
equation (6). Then, if in (9) and (10) we put x+y for x and x— y for y 
and employ (6), we obtain (7) and (8). If we integrate (7) and (8) with 
respect to x and y, respectively, combine the results and choose —a as a con- 
stant of integration, we have f(x +y) .f(x—y)=f(x) 2 +f(y) 2 — a, where a^O 
since /(0) ^0. 

From the foregoing considerations it follows that, except possibly for 
the appearance of a constant factor, equations (1), (3), (11) have the same 
solution (or solutions) when each alone is taken as a single functional equa- 
tion, the condition /(0) ^0 being satisfied. Moreover, either the system (9) 
and (10) or the system (7) and (8) has the same solution if/(0) ^0. Then if 
general /is found subject to the above equations and multiplied by a proper 
constant, the result is the general solution of (1), (3), (11), (7) and (8), or 
(9) and (10). 

We proceed now to find general /in equation (3). All the equations 
(4) to (11) depend on (3) and the fact that f(x) is differentiate; and we 
may therefore make use of any of them. 

We first show that/(») is an even function. Putting y=—x in (3) 
we have 

A2x) =f(x)* +f(-x) 2 -l. 
Comparing with (5), 

f{xY-=f{-xY; orf(x)=f(-x), since/(0)^0. 

Since /(0)=1 and/(oj) is an even function regular in the neighborhood 
of the origin, it may be expanded in series in the form 

_/»/ \ -* i CtOO i (KG i COG i (X/tC i 

f(x) = 1+ 



2! ' 4! ' 6! ' 8! 

Substituting in (5) to determine coefficients, we have b—a 9 , c—a 9 , d—a*, ... 
Hence, writing k* for a, we have 

f(x)=h(e**+e->°*) t (12) 

as the general solution of (3) subject to the imposed conditions. Then 

h(x) = ±Y(e kx +e-**) (13) 

is the solution of (1) under like conditions. This completes the discussion 
for the case c?*0. 
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If c=0, equations (1) and (2) become 

h(x+y)Mx-y)=h(x) i +h(y) 2 , (14) 

M0)=0. 

Differentiating with respect to x and then with respect to y, we have 

h'(x+y).h(x— y)+h(x+y).h'(x— y) — 2h(x)h'(x), 
h'(x+y).h(x—y)-h(x+y).h'(x-y)=2h(y)h'(y). 

Adding, putting y—x, and remembering that h(0) — 0, we have 

h(x).h'(x)=0. 

Hence h(x)=0 or h'(x)=0. In either case h(x) is a constant. Since h(0) 
■=0, that constant is zero. Hence h(x)—0, and the case is trivial. There- 
fore the function h(e las +e~ kx ), multiplied by a proper constant, constitutes 
the significant solution of our equations. The value of f (0) determines this 
multiplicative constant. 

2. Consider the equation 

g(x-\-y).g(x-y)=g(x) 2 -g(y) s . (15) 

If we put a;— y=0, we have gr(0)=0. Differentiating with respect to x and 
then with respect to y, 

g'(x+y).g(x-y)+g(x+y).g'(x-y)=2g(x)g'(x), (16) 

g'(x+y).g(x-y)-g(x+y).g'(x-y)--=-— 2g(y)g'(y). (17) 

Making x~y and remembering that g(0) =0, we have 

9(2x)g'(0)=2g(x)g'(x). 

In view of this relation the product of (16) and (17) gives 

g'{x+yy.g(x-y) s -g(x+yyg'(x-y) i =-g'(0) t g(2x)g(2y); 
or, g(x) 2 g'(y) 2 — g(x)*g(y) s =g'(0) 2 .g(x+y).g(x-y), 

on replacing x+y by x, x—y by y, 2x by x+y, 2y by x-y. Hence in view 
of (15), 

g(x) V (y) s -g'(x) *g(y) 3 =g'(0) ng(x) 2 -g(y) 2 l (18) 
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If two equations are formed, respectively, by adding and by subtracting 
equations (16) and (17) and their product member by member is taken, the 
result readily reduces to 

g(x+y).g(x-y).g'(x+y).g'(x— y) =g(x) 2 g'(x) * -g(y) *g'(y) \ 
Divide the members of this equation by those of (15) ; then 

^),v,) ^»'g:.y' 

=ef(x). % +g'(yV-g'(0)\ 

in view of (18). Comparing this with (1) and (13) we have 

g'(x)=±£4p-(e»*+e- k *). 



Therefore, 



• (x) = ±y^-(e kx -t-><*, if k=0, (19) 



since by (15) it is apparent that the constant of integration is zero. But 

g(x) = ±g'(0).x, if &=0. 

Therefore (15) has the two solutions (19) and (20), where g'(0) is an arbi- 
trary constant. 

Alabama Presbyterian College, April, 1909. 



